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Evolving networks with multispecies nodes and spread in the number of initial links
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We consider models for growing networks incorporating two effects not previously considiereifferent
species of nodes, with each species having different propésieh as different attachment probabilities to
other node speci¢s@nd (i) when a new node is created, its number of links to old nodes is random with a
given probability distribution. Our numerical simulations show good agreement with analytic solutions. As an
application of our model, we investigate the movie-actor network with movies considered as nodes and actors
as links.
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[. INTRODUCTION links (i.e., if the same actor appears in two movies, there is a
link between the two movie§8]). Moreover, we consider
It is known that many evolving network systems, includ- theatrical movies and made-for-television movies to consti-
ing the World Wide Web, as well as social, biological, andtute two different species.
communication systems, show power-law distributions. In
particular, the number of nodes wikHinks is often observed Il. MODEL
to ben,~k™", wherev typically varies from 2.0 to 3.11]. ) _
The mechanism for power-law network scaling was ad- Ve construct a growing network model that incorporates
dressed in a seminal paper by Barsitend Albert(BA) who multiple species and initial link probabilities. Given an initial
proposed2] a simple growing network model in which the network, we create new n_qde_s at a constant rate. We let the
probability of a new node forming a link with an old node New node belong to speci¢swith probability QU (=;Q1
(the “attachment probability} is proportional to the number =1). We decide how many linkisthe new node establishes
of links of the old node. This model yields a power-law With the already existing nodes by randomly choodifrgm
distribution of links with exponent=3. Many other works & probability distributiorp{”. Then, we randomly attach the
have been done extending this model. For example Krapivd€w node td existing nodes with a preferential attachment
sky and Rednef3] provide a comprehensive description for probability proportional to a factoAl"", wherek is the
a model with a more general dependence of the attachmentimber of links of the target node of specie® which the
probability on the numbek of old node links. For attach- new node of specigsmay connect. That is, the connection
ment probability proportional t&, = ak+b, they found that, ~probability between an existing node and a new node is de-
depending orb/a, the exponents can vary from 2 to.  termined by the number of links of the existing node and the
Furthermore, folA,~k®, whena<1, n, decays faster than species of the new node and the target node.
a power law, while whem>1, there emerges a single node As for the single-species ca$g], the evolution of this
that connects to nearly all other nodes. Other modificationgnodel can be described by rate equations. In our case the rate
of the model are the introduction of aging of nodd$ ini-  equations give the evolution o), the number of species-
tial attractiveness of nodd$], the addition or rewiring of i nodes that havé links,
links [6], the assignment of weights to linkg], etc.

We have attempted to construct more general growing dN{ 3 (j)_(j)[A(k'_"%Nﬁ'Zl—A(kJ")Nﬁ')] _—
network models featuring two effects that have not been con- ~§;~ — 21 QVk _ +Q
sidered previouslyti) multiple species of nodes; in real net- . > > AUMNm
work systems, there may be different species of nodes with m Kk
each species having different propertiesg., each species @

may have different probabilities for adding new nodes and ) iy i)
may also have different attachment probabilities to the sam@hereS is the total number of speciek;’=2,Ipj"’ is the
node species and to other node species) atd (i) initial ~ 2verage number of new links to a new node of spejciaad
link distributions: i.e., when a new node is created, its num! iS normalized so that the rate of creation of new nodes is 1
ber of links to old nodes is not necessarily a constant numPer unit time. The term proportional #{"}N{? ; accounts
ber, but, rather, is characterized by a given probability distrifor the increase oR{’ due to the addition of a new node of
bution p, of new links. specieg, which links to a speciesnode withk—1 connec-

As an application of our model, we investigate the movie-tions. The term proportional té{")N{) accounts for the
actor network with movies considered as nodes and actors @ecrease oN(k') due to linking of a new specigsnode with
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an existing speciesnode withk connections. The denomi- 10°
nator,= .2, AU ™N{™ | is a normalization factor. If we adda K ¢
new node with| initial links, we have | chances of
increasing/decreasingl(k'). This is accounted for by the 10
factor k==3,Ip{) appearing in the summand of Eff).

The last termQ®p{) accounts for the introduction of new
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11l. ANALYSIS OF THE MODEL

FIG. 1. (&) n, and p, versusk for the single-species network
odel. Solid lines are the initial link probability, and circles are
e ny obtained from Eq(7). (b) n{" and n{?) versusk for the
two-species network model. Circléspecies 1and crossetspecies
2) are log-binned data from our numerical simulation. The total
> ND=Qx, (2)  number of nodes in our numerical network system i$. 1Dhe

K dashed lines are solutions obtained from Egg.and (13).

Equation(1) implies that total number of nodes and total
number of links increase at fixed rates. The total number ofﬂ
nodes of speciekincreases at the ra@". Thus

The link summation over all speci&s kN is twice the

total number of links in the network. Thus Solution of the resulting differential equation,

S
o d
> 2k KN = 2¢kt, 3) grlkremd+ = 7Qp(k+c) 7, 9

where(k)=3;2,QVkp{’=3,Q"k". Solutions of Eq(1)  for n, with B+ 7+1 consists of a homogeneous solution
occur in the form(cf., Ref.[3] for the case of single-species proportional to k+c) ("% plus the particular solution,
nodes, [7Qpy/(n+1—B)](k+c) ~. Forp=n+1, the solution is
M () ne=7Qp(k+c) 7D In[d(k+c)], whered is an arbitrary
N’ =n’t, ) constant. Hence, forsufficiently large kwe have ny
~k= it B>5+1, andn,~k P if B<y+1. Thus the
result for 3> »+1 is independent o8 and, forc=0, coin-
BM .n  +QWp() cides with that given in Ref[2] (n+1=3 whenc=0).
— Kl kel ko (5)  Solutions of Eq.(7) for n, versusk in the range ¥&k<10*
(B(k')+1) are shown as open circles in Figal for initial link prob-
abilities of the form

wheren{" is independent of. Equation(1) yields

)

whereB{" is
(i pk? for 1<k<=1C?

©) P 5 102D E for k=107, (19

S
B(ki):.Zl QUK _ .
= % Zk AGMp(m

) . ) ~which are plotted as solid lines in Fig(al. The values of8
T%mosftl_snl?ply |IIlfJ_st;ate th_((aj efft(;ct of sprefad mtthe Emilhused for the figure arg=0.5, 1, 2, 3, 4, ande (B=c
number ot links, we Nirst consicer ne case of a network wi corresponds t@,=0 for k>10%). For clarity n, has been

a single species of node and with a simple form for the_, . L i
. shifted by a constant factor so that coincides with the
attachmentA,=A**Y . In particular, we choos¢3] A=k y .

+c. [Note that by Eq(1), this is equivalent taA,=ak+b corr_espo.ndlng. value .qj)l' Also, to separate the graphs_for
with c=b/a.] Inserting thisA, into Eq. (6), we obtain casier visual inspection, the value pf for successives

. values is changed by a constant fag&ince Eq(7) is linear,
Zi(k+eym=2(k)+cQ and By=(k+c)/7, where 7 yne torm of the solution is not effectidWe note from Fig.
=(2(k)+cQ)/(QK)=2+c/k=2. (Note that(k)=Qk for  1(a) that n, follows p, for k<1C? in all cases. This is as
the single-species cagdhus Eq.(5) yields expected, sinc@, decreases slower than 2 in this range.

[(k+c)n— (k+c—1)n, 1]+ 7Ne= 7QP¢. @ Furthermore ny \Er_y closely follqw§pk for k>10? fqr B
=0.5,1.0,2.0. AsB increases deviations of, from p, in k
Settingp,=p;(k+c) #, we can solve Eq7) for largek by ~ >10? become more evident, and the lalgasymptotick 3
approximating the discrete variakbteas continuous, so that dependence is observed. Thus,pijf decreases sufficiently
q rapidly, then the behavior of, is determined by the growing
_ network dynamics, while, ifp, decreases slowly, then the
(ke (kte=Dmey=glleremnmd. @ popavior ofn, is determined bypy .
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To simply illustrate the effect of multiple species we now p(1) p(2)
consider a growing two-species network wjth= 6, (i.e., k (a) k (b)
px=0 for k=2). Then, Eq.(6) becomes 10787, ) 1078} % xoxw i
4 * 4 *
QWAED Q@ARD 10 \ 10 )
B{= — <, (113
S S AR S S A@mni S *
m k m k .
107 5 107 >
10 10 10 10
Q(l)A(LZ) Q(Z)A(Z,Z) Kk k
B())= X + X . (11b - o
AlLm)  (m) A2m) (m) FIG. 2. The initial link probability distributiong, of (a) theat-
% Ek k K zm: 2k K k rical movies and(b) television movies. These plots are obtained

using bins of equal width in logk and dividing the number of
where =, represents summation of species-1 and species-+2odes in each bin by the product of the bin widttkitwhich varies
nodes. from bin to bin and the total number of nodes.

In order to illustrate the model with our numerical simu-

lations, we specialize to a specific case. We choose attach- Proceeding as for the single-species case, we approximate
ment coefficientsAV=ak, A(?=ak, A®*Y=bk, and Ed.(5) by an ordinary differential equatidie.f., Eq.(9)] to
A2=0. Thus a new species-1 node connects to existingbtain n{)~k~+7") As an example, we s&@®=Q®
species-1 nodes and species-2 nodes with equal probabilit; 0.5, in which case Eqs(13) give exponents % (%
while a new species-2 node can connect to existing species<22.6 and & »®=5. In Fig. 1b) we plot, for this case, the
nodes only. Therefore, the first summation term in 8d), analytic solution obtained from Eqé) and (13) as dashed
S S AEn(M - pecomesaS (kni+kn{®), which isa lines, and the results of numerical simulations as open circles
times the total increase of links at each timea(QY)  and pluses. The simulation results, obtained by histogram
+Q®). (Recall thatQ®+ Q@ =1.) In order to calculate binning with uniform bin size in logk, agree with the ana-
the second summation term in E€ll), =3 AZ™n(™ Iytic solutions, and both show the expected lakgpewer-
=b=kn{), we define a parameter that is the ratio of the law behaviorsp{”~k~ ¢ andn{®~k°.
total number of links of species 1 to the total number of links
in the network. Since the probability of linking a new IV. THE MOVIE-ACTOR NETWORK
species-1 node to the existing species-1 nodes is determined
by the total number of links of species 1, this probability is We now investigate the movie-actor network. We col-
exactly the same ag. Thus, if we add a new species-1 node, lected data from the Internet Movie Database webiffe
the number of links of species-1 increasesQy due to the The total number of movies is 285 297_and Fhe total number
new node and byQ® due to the existing species-1 nodes of actors/actresses is 555907. Within this database are

of links of species-2 increases by£%)Q). But, if we add Movies. The other movies in the database are made for tele-

a new species-2 node, the number of links increase@®y  Vision series, video, miniseries, and video games. In order to

for both species because a new species-2 node can link to g6t good statistics, we choose only theatrical and television
species-1 nodes only. Thus, the increase of species-1 links fgovies made between 1950 to 2000. Thus we have two spe-
(1+ ) QW +Q® and that of cies of movies. We also consider only actors/actresses from
species-2 links is (+ 7)QM+Q®). Sincey is the ratio of these movies. We consider two movies to be linked if they
the number of species-1 links to the total number of links have an actor/actress in commid]. We label the theatrical

=[(1+7) QW+ Q®@)/2 or 'movies as species 1, and the made-for-television movies as
Y Y species 2. _

In order to apply our model, Eql), we requireQ®),

= _ 12  pY’, andA{"", as input which we obtain from the movie-
2—QW actor network data. For simplicity, we assume these quanti-
ties to be time independefitl]. We takeQ™ andQ(® to be,
With this y, Eq. (11) becomes respectively, the fractions of theatrical and made-for-
television movies in our database. We obt@itt)=0.83 and
o QY Q¥2-QW) k Q®=0.17. We now considep{’ . Suppose a new movie is
Bi'= 2 k+ 2 k= ) (133 produced casting actors. For each actar(s=1,2,... ),
7 let I denote the number of previous movies in which that
i actor appeared. Then the total number of the initial links of
B(2)=Q—k= L (13b) the new movie i ls. From histograms of this number, we
k2 e obtain (Fig. 2) the initial link probability distributionsp{!’ .
The attachmenAU"") can be numerically obtained from
where 7MW =21QM+ Q@ (2—QM)] and 5= 2/QM. data via

046115-3



JONG-WON KIM, BRIAN HUNT, AND EDWARD OTT PHYSICAL REVIEW E66, 046115 (2002

10° 10° nE) a n(k2)
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K k 10 m 10 W
10° 10° © °o
00 o \ 107 ° 10 :
° 0.10k%%° 0% 0.04K%5 ° .
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2 2 .
10 0 2 10 Q 2 o
10 10 K 10 10 k R o .
10°L > 107°5 >
10° 108 10 10 K 10 10 K
AR () A(kz’z) (d) FIG. 4. The probability distributiona{’ of movies that havé
k links; (a) theatrical moviesi{!) and(b) television movies\?) . Dots
10° 10° aren{) obtained from the movie network while circles are from
00 C or numerical simulation usin@() obtained from our databasg{ in
Lo 0.02K7" 0.04k™ Fig. 2 andAJ"" in Fig. 3. All data are obtained using log binning
107 1072 (see Fig. 2 caption
10° 10° ¥ ¢
k 10 10 k

rapidly. Indeed, the results of R¢B] suggest that the decay
FIG. 3. Attachment coefficients for theatrical movigs ALY should be exponential for lardesince the attachmem{’"

and(b) A{*?, and for television movie&) A% and(d) A(*?. Al grows sublinearly withk. We showed in Sec. Ill, for the
data are obtained using log-binning without normalizatieee Fig. single-species model with a linear attachmapt-Kk, thatn,
2 caption. follows p, when p, decays slowly, whilen, is independent
of py whenp, decays sufficiently quickly. As we will show
Qi) (A(j;i,k)) later, this feature is also applicable to multispecies networks
A T (14 with nonlinear attachments. As seen in Fig&)5and 5b),

n{ follows p{’ in the smallk region. However, it is not
clear whethen{" follows p{" in the largek region. In order

the number of links between old specierodes that had to check the behe_1V|or .Oﬁk n thls. region, we _carrled
out another numerical simulation using an initial link prob-

links and new speciegnodes, and- - -) is an average over I o - =
all such species-nodes[12]. In the movie network, we @ability pi’ which is cut off at k=50. That is, py
count all movies and links from 1950 to 1999, and measure=p{’/=p{’ whenk=<50 andp{’=0 whenk>50. Usingp}’
the increments in the number of links for& of 1 yr. We

obtain attachment coefficienta(*V~0.1k%%° and A(*?  4¢° 10°
~0.04° for theatrical movies, an&(>Y0~0.0&%"* and _ph (a) p@ (b)
A{22~0.04°% 7 for television movies. See Fig. 3. S50, 555050y,

Incorporating these results f@®, p{"’, andA{"" in our ( * @) Qo

multispecies model, Eq1), we carry out numerical simula- 45 k ‘o nk \

X \ 10 \
tions as follows: \ ®

(i) We add a new movie at each time step. We randomly \ \b
designate each new movie as a theatrical movie with prob-
ability Q¥)=0.83 or a television movie with probability 10 10 k 10 10 k
Q®=0.17. . o 0

(i) With initial link probability p”’, we randomly choose ) 2 (d
the number of connections to make to old movies. 38 n (©) 9%0e004, k (d)

(iii) We then use the attachmekf " to randomly choose
connections of new specig¢snovie to old species-movies. - nl(: o

(iv) We repeat point§)—(iii ) adding 100 000 new movies, 10 . 10 .
and finally calculate the probability distributions of movies
with K links. _ o °

Figure 4 shows{ versusk obtained from our movie- 10° 102 K 10° 10°
actor network databas@loty and from numerical simula-
tions using Eq.(1) (open circleg with our empirically ob- FIG. 5. (a) and (b) aren{’ (circles obtained from numerical
tained results forQ"), pd), and AJ". The results are simulations usingp(” (dashed lines while (c) and (d) show n{
roughly consistent with the existence of two scaling regiongrom (a) and (b) (open circleg plotted with the results denoted by
[13]. For smallk (k=10?) the two species exhibit slow n{" filled circles from simulation using a cutoff initial link prob-
power-law decay with different exponents,”"~k % n{®>  apility p{’ (wherep’=p{/=pl’ whenk=50 andp{’=0 when
~k~%2 while for largek the probabilities decay much more k>50). All data are obtained using log binnitgge Fig. 2 caption

whereA(j;i k) is the increase during a time intervél in
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in place ofp{", we obtain from our simulation correspond- network dynamics if, decreases sufficiently rapidly, while
ing to the datan{” versusk, which are shown in Figs.(5) ~ the behavior ofn, is determined byp, if p, decreases
and 5d) as filled-in circles. For comparison, the data 'f‘l(EiP slowly. In the case of a network with two species of nodes
from Figs. 5a) and 8b) are plotted in Figs. &) and gd) as with p,= 61, we found that the attachment coefficients de-
open circles. It is seen that the cutoff ket 50 induces a termine the behavior ai’ . In particular, each species may
substantial change in the distribution of the number of linksshow different power-law behaviors. We have also investi-
for k>50. Thus it appears that, in the range tested, the largegated the movie-actor network as an example. We believe
k behavior of the movie-actor network is determined by thethat the effect of multiple species nodes may be important for
initial link probability p,(<') rather than by the dynamics of the modeling other complicated networks.g., the World Wide
growing network. Web can be divided into commercial sites and educational or
personal sites We also conjecture that the initial link prob-
V. CONCLUSION ability distribution is a key feature of many growing net-

. . works.
In this paper we propose a model for the evolution of the

distributionn{"’ of links k per node of species, i.e., a grow-
ing multispecies network with variable initial link probabili-
ties pfj) . We have analyzed our model in two extreme cases.
In the case of a network with a single species of nodes, we This work was supported by ONfPhysic$ and by NSF
found that the behavior df, is determined by the growing (PHYS 0098632, DMS 0104087
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